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Estimates of T-odd distribution and fragmentation functions
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a Vrije Universiteit Amsterdam, De Boelelaan 1081, 1081 HV Amsterdam, The Netherlands
Estimates of the T-odd fragmentation and distribution functions, H⊥1 and f
⊥
1T , are presented. Our evaluations
are based on a fit on experimental data in p↑p. We use our estimates to make predictions for ep↑ azimuthal
asymmetries.
Distribution and fragmentation functions ac-
count for the soft parts of a scattering process
in which quarks are produced from the initial
hadrons, and final hadrons are produced from
quarks resulting from the elementary hard scat-
tering. Leading order distribution and fragmen-
tation functions have a direct interpretation in
terms of probability densities (see Ref. [ 2] for
more details and pictures).
In this talk, we focus our attention on the dis-
tribution and the fragmentation functions f⊥a1T (x)
and H⊥1 (z), which are T-odd functions, i.e. they
are not constrained by time reversal invariance.
The functionH⊥1 (z), for which the non applicabil-
ity of time reversal symmetry is straightforward,
allows for processes in which transversely polar-
ized quarks fragment into an unpolarized hadron.
In the less straightforward situation where time
reversal symmetry cannot be applied for distri-
bution functions [ 5, 6, 7], a non-zero f⊥a1T (x)
allows for processes in which unpolarized quarks
are produced from a polarized proton.
Our estimates are based on the parametriza-
tions presented in Ref. [ 5, 8, 9], obtained from fits
on the FNAL E704 experimental data on single
spin asymmetry in p↑ p → πX . These allow us
to evaluate some weighted integrals, proposed in
Ref. [ 3], which are directly related to measurable
physical observables, the angle φlh between the
lepton scattering plane and the produced hadron
plane, and the angle φlS between the lepton scat-
tering plane and the nucleon spin. Finally, we
evaluate the ratio H⊥1 /D1 and f
⊥
1T /f1 and com-
pare them with existing experimental data.
Applying Lorentz invariance, hermiticity, and
parity invariance to the general lightfront corre-
lator [ 11], one finds that, as far as relevant at
leading order in 1/Q, its Dirac structure is given
by (see Ref. [ 3] for details)
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1
4
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Just as for the distribution functions, the full
Dirac structure relevant for fragmentation into
spin 0 (or unpolarized) hadrons, up to leading
order, is given by
∆(z,kT , Ph) =
1
2
{
D1 /n− +H
⊥
1
σµνk
µ
Tn
ν
−
Mh
}
. (2)
The link with the helicity formalism, used in
Refs. [ 5, 9], is achieved by transforming the Φij
matrix elements to the helicity basis through the
density matrix ρ
Φij(x, kT ;P, S) =
∑
ΛΛ′
ρΛΛ′ (S) ΦΛi; Λ′j(x, kT ;P ),(3)
where Λ, Λ′ are the helicity indices of the proton
and S the spin vector, and ρΛΛ′ is defined as
ρΛΛ′ =
1
2
(δΛΛ′ + S · (σ)ΛΛ′ ) . (4)
In the rest-frame, where S = (0,ST , λ), one ob-
tains
Φij(x,kT , P, S) =
1
2
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Φ+i; +j +Φ−i;−j
)
2+
1
2
S1
T
(
Φ+i;−j +Φ−i; +j
)
−
i
2
S2
T
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Φ+i;−j − Φ−i; +j
)
+
1
2
λ
(
Φ+i; +j − Φ−i;−j
)
. (5)
By comparing Eqs. (1) and (5), term by term,
one can see that the term proportional to f⊥1T in
the Φ
[γ+]
ij projection can be identified with the
function ∆Nfq/↑ = 2 I+− defined in Ref. [ 5]. To
be more precise, one finds
∆Nfq/↑(x) = 2
〈kT (x)〉
M
f⊥1T (x,kT ). (6)
In later applications it will turn out to be useful
to consider the (k2
T
/2M2) weighted function
f
⊥(1)
1T (x) =
∫
d2kT
|kT |
2
2M2
f⊥1T (x,kT ) , (7)
for which we use the estimate
f
⊥(1)
1T (x) =
〈kT (x)〉
4M
∆Nfq/↑(x) . (8)
Using the results from the most recent analysis
of the pion left-right asymmetry in p↑p → πX in
Ref. [ 8] (see also footnote in [ 9]), and the results
from, for example, Ref. [ 12] for the average trans-
verse momentum,〈kT (x)〉, we obtain for f
⊥(1)
1T the
estimate
f
⊥(1)u
1T (x) = 0.81 x
2.70 (1− x)4.54 ,
f
⊥(1) d
1T (x) = −0.27 x
2.12 (1− x)5.10. (9)
Similarly, for the fragmentation function H⊥1 we
find
∆ND(z,kT ) = −2
〈kT (z)〉
Mh
H⊥1 (z,k
′
T
) , (10)
and
H
⊥(1)
1 (z) = −
〈kT (z)〉
4Mh
∆ND(z). (11)
Making use of the results of Ref. [ 9], and of a fit
to the LEP data [ 13], we find
H
⊥(1)
1 (z) = 1.08 z
2.87 (1− z)0.64 . (12)
We now have all the ingredients to calculate the
weighted integrals proposed in Ref. [ 3]. Following
the notations introduced therein, we will focus
our attention on the following two of such objects.
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Figure 1. A three-dimensional view of the quan-
tity
∑
a,a e
2
ax f
⊥(1)a
1T (x)H
⊥(1)a
1 (zh), for scattering
of unpolarized leptons on a polarized proton tar-
get, with production of π+
〈
QT
M
sin(φlh − φ
l
S)
〉
OTO
=
4πα2s
Q4
(1− y)
∑
a,a
e2a x f
⊥(1)a
1T (x)D
a
1 (zh) . (13)
A three-dimensional plot of the quantity∑
a,a e
2
a x f
⊥(1)a
1T (x)D
a
1 (zh) is shown in Fig. 1.
The shape of the surface as a function of x and
zh tells us that the effect due to the T-odd distri-
bution function becomes sizeable for very small
values of zh and intermediate values of x. It is
clear that the effects due to the presence of the
T-odd distribution function f⊥1T (x) are small, but
a suitably designed experiment may put limits on
their size, or might establish their mere existence.
This would be a crucial test for the presence of T-
odd distribution functions and provide a deeper
understanding of these phenomena. If instead we
choose the weightW = (QT /M) sin(φ
l
h+φ
l
S), we
obtain an object which is directly proportional to
the T-odd fragmentation function H
⊥(1)
1 (see Ta-
ble II, second line, in Ref. [ 3])〈
QT
M
sin(φlh + φ
l
S)
〉
OTO
=
4πα2s
Q4
(1− y)
∑
a,a
e2a xh
a
1(x)H
⊥(1)a
1 (zh) . (14)
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Figure 2. A three-dimensional view of the quan-
tity
∑
a,a e
2
a xh
a
1(x)H
⊥(1)a
1 (zh), for OTO scatter-
ing with production of π+.
As it clearly appears from the plot in
Fig. 2, this time the shape of the quantity∑
a,a e
2
axh
a
1(x)H
⊥(1)a
1 (zh) as a function of x and
zh is completely different from the previous one.
It reaches its maximum for relatively small values
of x and for large values of zh and its overall size
is at least a factor two bigger than the previous
one. This means that a measure to reveal the ef-
fects of a non zero T-odd fragmentation function
could easily be made at large values of zh, where
it is relatively easier to achieve larger statistics.
Finally, we give an evaluation of the ratios
H⊥a1 /D
a
1 and f
⊥
1T /f1 (for π
+ production and con-
sidering only valence contributions). We find∣∣∣∣∣
∫ 1
0.1 dzh H
⊥fav
1 (zh)∫ 1
0.1
dzh D
u/pi+
1 (zh)
∣∣∣∣∣ = 0.076 . (15)
which gives a value of about 8%, in agreement
with the result of Ref. [ 4]. For the T-odd distri-
bution functions we have∣∣∣∣∣
∫ 0.4
0.02
dx f⊥u1T (x)∫ 0.4
0.02
dx fu1 (x)
∣∣∣∣∣ = 0.083 , (16)∣∣∣∣∣
∫ 0.4
0.02
dx f⊥ d1T (x)∫ 0.4
0.02 dx f
d
1 (x)
∣∣∣∣∣ = 0.072 , (17)
which again gives an estimate of about 8%. We
point out that the above estimates do not take
into account the effects of evolution and that com-
paring integrated results neglects some kinemat-
ics factors.
Another example is the sinφ single spin asym-
metry, presented by the HERMES collaboration
(see Avakian’s contribution in these proceedings),
corresponding to:〈
QT
M
sin(φlh)
〉
OLO
=
4πα2s
Q4
(2− y)
√
(1− y)∑
a,a
e2a[xh
⊥(1)a
1L (x)H˜
a(zh)− x
2haL(x)H
⊥(1)a
1 (zh)].
We are now able to give some estimates of this
quantity, under suitable approximations: our
calculation will be presented in a forthcoming
paper [ 14].
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